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Let G be a compact group and a be a monomial representation of G which is 
irreducible. For a certain class of n-representative functions we obtain the exact 
bound of the function as a left-convolution operator on L,(G) for 1 < p < 2 
and good estimates when p > 2. This information is sufficient to conclude that 
for every noncommutative finite group, the I,, and &*-convolution norms are 
not the same when 1 < p < 2, l/p + 1 /p’ = 1. 
Let G be a locally compact group, and denote the norm of a con- 
volution operator T on L,(G) by I// T (IjP . For example, if k E&(G) 
then 
At the Warwick Conference on Harmonic Analysis in 1968 I proved 
that if G is amenable then a convolution operator T which is bounded 
on L,(G) is also bounded on L,(G) and 111 T \\(a < (1) T I(lP (the result 
was announced in [2] and the proof was given in [3]). If G is com- 
mutative then j/l T [(lp, = (I/ T I[lp where l/p + l/p’ = I, so 111 T [(I2 ,< 
I\/ T (llP follows from the Riesz Convexity Theorem. This equality 
of convolution norms on L,(G) and L,(G) seems to be false when 
G is noncommutative. Oberlin [5] produced a simple counterexample 
for the case where G is the dihedral group of order 8. At first glance 
Oberlin’s proof appears to depend on some very special properties 
of this group, but actually there is a much more general method 
available. 
* The research for this article was done while the author was a NATO Visiting 
Professor at the Universiti degli Studi di Perugia at the invitation of Professor A. Fig& 
Talamanca. 
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The emphasis in this article is on a technique for estimating the 
norms of convolution operators associated with irreducible monomial 
representations of compact groups. These representations will be 
explained below. The main result is 
THEOREM. For each p with 1 < p < 2 there exists a sequence 
1 = C,(P) > G(P) 3 dP) 2 *a* with lim,,, cd(p) = 0 such that 
(i) if G is a compact group which has an irreducible monomial 
representation of degree > 1 then there is a nontrivial continuous function k 
deJined on G with the property that the norm of k as a left convolution 
operator satisjies 
Ill k II/d G 4P) Ill k Ill21 ; 
(ii) if G has a normal irreducible monomial representation of 
degree d then k may be chosen so that 
III k Ilip, G c&) Ill k lib . 
The Theorem is proved in a sequence of propositions having some 
interest in their own right. 
We shall draw only a few consequences of the Theorem here. 
Oberlin’s example is contained in the statement since the noncom- 
mutative groups of order 8, as well as the symmetric group on 3 
letters, have irreducible monomial representations of degree 2. 
In fact every irreducible representation of a compact metabelian 
group is monomial, see [I, Theorem (52.2)], and one can go quite 
far by using the result [4, Theorem A] that a convolution operator 
on a compact subgroup has a norm-preserving extension to the full 
group. Thus we have 
COROLLARY 1. If G is a noncommutative finite group then for each p 
with 1 < p < 2 there exists a function k de$ned on G with the property 
that the norm of k as a left-convo2ution operator satis$es j/j k ]llpr < 
III k Illp ’ 
Proof. Each finite noncommutative group G contains a non- 
commutative metabelian subgroup G,, . The group G, has an irre- 
ducible representation of degree > I, and this must be monomial, 
so statement (i) of the Theorem applies. 
The applications to infinite groups are more interesting, and 
this is where the asymptotic estimates of statement (ii) play a role. 
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COROLLARY 2. Let G be a locally compact group. Suppose that for 
each positive integer d one can$nd a compact subgroup G, of G such that 
G, possesses an irreducible normal monomial representation of degree >d. 
Then for each p with 1 < p < 2 there exists a convolution operator on 
L,(G) which is unbounded on L,,(G). 
In effect, for each d we can find a convolution operator Td on LP( G) 
such that J/j Td jljp* < cd(p) /jj Td llJp . The fact that lim,,, cd(p) = 0 
combined with the Uniform Boundedness Principle shows that the 
Banach space of left-convolution operators on Lp( G) does not coincide 
with the analogous space for L,(G), whence the Corollary. 
Remark. Corollary 2 is immediately applicable to p-adic versions 
of Lie groups. In the case of real Lie groups we encounter the 
difficulty that all irreducible monomial representations of a compact 
connected group have degree 1. 
The role of monomial representation seems to be merely a matter of 
technique. It is plausible that we have 
CONJECTURE. Let G be a compact group. Then for some (or all) p 
with 1 < p < 2 there is a convolution operator on L,(G) which is 
unbounded on L,(G) isf the degrees of the irreducible representations 
of G are unbounded. 
The simplest description of monomial representations is an intrinsic 
one. 
DEFINITIONS. A subcharacter 9 of degree d on a compact group G 
is a function supported on an open subgroup H (the support of v) 
of index d such that p gives a continuous homomorphism of H into 
the circle group. 
Given a subcharacter pl we put E(q) for the smallest closed subspace 
of L,(G) which contains v and is stable for right translations. It is 
easy to see that E(v) is the d-dimensional complex vector space of 
functions u defined on G such that u( yx) = ‘p( y) u(x) for x E G, 
y E H. Observe that there is a representation v of G in E(v) given by 
(n(x)u)(w) = u(wx). Th is is the representation of G induced by the 
l-dimensional representation v of H. Such a representation is called 
a monomial representation of G. 
Let F be a complete set of coset representatives for H in G, i.e., 
each x E G can be written uniquely as x = ys with y E H and s EF. 
(It will be convenient to suppose 1 E F.) The set of functions (pt: t E F) 
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where vi(x) = cP/~~(x~-~) form an orthonormal basis for E(v). 
In terms of this basis the matrices for the representation 
are given by 
44 vs = 7 w-t.&) 
7r&x) = q(txs-1). 
These are monomial matrices, i.e., unitary matrices such that for 
fixed x E G, t EF we have VT,,,(X) # 0 only when s represents the 
class of txs and in this case 1 n,Jx)j = 1. 
Given t E G, the conjugate subcharacter # defined by c#(x) = 
q(txt-l) depends only on the class T = Ht. We may therefore write 
q~’ instead of vi, and the character x of the representation 7~, which 
is defined by x(x) = tr r(x) = C ~Jx), is given by the formula 
x =&*7 sum over r E H\G. 
The representation 7~ is irreducible iff )I x Jjs = 1, and this occurs iff 
p7” and 9)’ are orthogonal when (J f T. A subcharacter a) will be termed 
irreducible if this orthogonality condition holds, that is, if the induced 
monomial representation of G is irreducible. 
Not all monomial representations of a compact group correspond 
to subcharacters since a direct sum of monomial representations 
would be termed “monomial,” but all irreducible representations 
which are monomial are equivalent to those obtained from irreducible 
subcharacters. 
A normal subcharacter q~ is one whose support H is a normal 
subgroup. The description of the corresponding normal monomial 
representation of G in this case is very simple. The subcharacter v 
and all its conjugates correspond to elements of Z?, the character 
group of the compact commutative group H/H’ where H’ is the 
commutator subgroup of H. The quotient group G/H acts as a 
group of permutations of fi and F is irreducible iff it has d = 
order( G/H) distinct conjugates. 
As a matter of notation we put U*(X) = 8(x-l). If n denotes the 
right-regular representation and ( , ) the inner product on L,(G) 
then we have the identity 
(?r(x)u, cl) = v* * U(X) 
We are going to study the left-convolution operator norms of func- 
tions k of the form k = VII* where z, E E(q) for a subcharacter y 
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of degree d. We put E*(v) = {w*: z, E E(q)}; thus E*(v) is the 
smallest closed subspace of L,(G) which contains v and is stable 
for left-translations. 
LEMMA 1. If CJJ is a subcharacter of degree d and k E E*(q) then 
Ill k IlIt, 2 d--l/l)’ III k 1112, for all p, 1 <pp2. 
Proof. One readily checks that k * ds, = k for all k E E*(y). 
Thus I\] k 1\l1, /I dp, lIP 3 1) k &, , but for a subcharacter F of degree d 
we have 11 y lip = d-l@. 
LEMMA 2. If 9) is an irreducible subcharacter of degree d and 
k E E*(q) then 
III k lllz = d-l” II k 112 . 
Proof. Suppose f E E(v) and f is hermitean, i.e., f * = f. Then 
u -+ f * u maps&(G) into E(v) and commutes with right translations. 
Since E(p) is irreducible under the action of right translation, Schur’s 
lemma gives f * u = aEu where (1 is a constant and E is the orthogonal 
projection of&(G) onto E(v). (In the situation at hand, Eu = dv * u.) 
For the operator norm we have lllf l/l2 = a. To calculate this constant 
we take u = F and obtain 
Ill f Ill2 = f * vu>. 
In the case at hand put f = k* * k where k E E*(q). Then f * go = 
(k* * k) * F = d-lk* * (k * dq) = d-lk* * k. Therefore 
II/ k* * k 11)2 = d-lk* * k(1) = d-l (1 k 11,” . 
For the .&-convolution norm we have 111 k 111: = II/ k* * k IlIz. 
Lemma 2 depends on the irreducibility but does not use the fact 
that we have a monomial representation in an essential way. The 
next, however, uses the full force of the hypotheses. 
PROPOSITION 1. If qo is an irreducible subcharacter of degree d and 
k E E*(v) then the norm of k as a left-convolution operator is given by 
III k Ill,, = d--lip’ II k IIs for 1 <p < 2. 
Proof. In view of Lemma 1 it suffices to prove the inequality 
Ill k lllp G d-l’“’ II k IIs . 
#o/23/1-2 
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The inequality holds for p = 1 since ((I k j/Ii = Ij K I/i without any 
assumption. It holds for p = 2 by Lemma 2. All that remains is to 
interpolate, but this requires a bit of care. If we endow the homo- 
geneous space H\G with the normalized invariant measure then 
there is an isometric isomorphism of L,(H\G) with E*(v) endowed 
with the L,(G)-norm given by K tt k where, for a given choice of 
coset representatives F, k is the unique element of E*(y) such that 
for t EF we have k(t-l) = K(T) for T = Ht. Thus for p = 1, 2 there 
is a bounded linear transformation 
T : L,(H\G) --+ CONV,(G), iI/ TK lb, < d-lln’ I/ K IIn > 
given by TK = k * ; here CONV, is the space of left-convolution 
operators. For 1 < p ,< 2, L,(H\G) is precisely the interpolation 
space between L, and L, while the norm in the interpolation space 
between CONV, and CONV, dominates that of CONV, . 
The interpolation argument remains valid for the obvious map 
L,(H\G) + CONV,(G), and we obtain 
PROPOSITION 1’. If 9 is an irreducible subcharacter of degree d and 
k E E*(v) then the norm of k as a left-convolution operator satisjies 
lit k !/lp, G d--lip’ II k IID for 1 <‘p < 2 (so 2 <p’ < co). 
In contrast to the situation of Proposition 1, the reasoning of 
Lemma 1 does not lead to a good lower bound for 111 k IlIp, unless k is a 
constant multiple of 9). Interpolation arguments yield equalities only 
under very special circumstances, and there is strict inequality in the 
estimate of Proposition 1’ when 1 < p < 2 for “most” choices of k. 
The problem is to be able to make a rather explicit computation of the 
L,-convolution norm for some q with 2 < q < CO. We shall work 
with q = 4, and then use an interpolation, but the next, obvious as 
it is, effectively reduces the task to a manageable one. 
PROPOSITION 2. If y is a subcharacter and k E E*(v) then the 
norm of k as a left-convolution operator may be computed as 
Ill k II/Q = SUPill k * 24 11,111 24 lla: * 6 w?+* 
Proof. Initially one considers (1 k * u /IQ for all u EL,(G), but 
since k E E*(q) we have k = k t dv. Therefore k * u = k c (dp, * u). 
Now left-convolution by drp projects onto E(v) and since I( d9 /I1 = 1 
it follows that jl dp, * u /I4 < /I u /Irl . 
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Proposition 2 plays an essential role in the estimates for j/j k ])I4 
which fol!ow. 
The decomposition G = HF leads to the integration formula 
where dex and dJ y refer to integration with respect to the normalized 
Haar measures on G and H. Thus, if CJI is an arbitrary subcharacter 
of degree d and support H, we have for k E E*(y) and u E E(q) the 
convolution formula 
I2 *u(x) = d-1 2 k(t-1) u(tx). 
SF 
In particular, the &-norm of k t u is obtained from 
s 
1 h * u(x)l” dGx = d-4 1 K(t;l) k(t,‘) K(t;‘) &;I) U(tl , t, ; t, , t,), (1) 
G 
where the sum is taken over all quadruples (tI , t, , t, , t4) E F4, and 
u(tl , t, ; f, , t4) = j- Z&X) U(t,X) i&X) ii(f4X) d,X. (2) 
G 
It is clear that we have estimates of the form 
where 7i = Ht, and y < 1. The estimate (3) applied to (1) gives 
where K(T) = 1 K(t-l)] d p d e en s only on the coset T = Ht, and the 
sum is over all quadruples (or ,~s , ~a , T*) E (H\G)4. 
In order to use (*) effectively we need more information about the 
functions y. The simplest result is 
LEMMA 3. We hawe ~(7~ , TV ; TV , TV) = 0 unless q1~1q~ coincides 
with q~9)‘~ on the subgroup Hrl n HQ n H78 n H74. 
Prooj. If in the integral of formula (2) we replace x by yx there 
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is no change in the result. On the other hand if y E H1 and u E E(y) 
then u(tyx) = pt( y) u(tx). Hence 
for all y E Htl n Hts n Ht3 n H/4. 
The nature of the estimate (*) motivates 
DEFINITION. Say that k, I E E*(y) are “equivalent” if 1 k [ = j I j. 
The equivalence class of k will be denoted by [K] where K is the 
function defined on H\G by K(Hx) = 1 k(x-l)l for x E G. 
Remark. The classes in E*(v) are in one-to-one correspondence 
with the set of all positive functions on H\G. 
Lemma 3 gives enough information to allow one to prove 
PROPOSITION 3. There is a constant c < 1 such that whenever v 
is an irreducible subcharacter of degree d > 1 there exists a nontrivial 
class [K] C E*(v) with 
Ill k Ill4 G cd-1’4 IIk llm 
for all k E [K]. 
Proof. Choose a positive number x and a coset u # H. Define K 
by K(H) = 1, K(a) = a, and K(T) = 0 for 7 # H, 0’. For k E [KJ 
the estimate (*) takes the form 
where a, is the sum of the y(~r ,~s ; ~a ,7,J with n of the ri equal to 0 
and the rest equal to H. It is obvious that a,, = 1 = a4 , and a2 < 6 
since each y < 1. Now we use the fact that y is irreducible which 
implies that 91 and y0 are orthogonal; in particular, their restrictions 
to H n H” are distinct. Thus, by Lemma 3, we have a, = 0 = a3 . 
The conclusion is that 
I// k Ill4 < d-l{1 + 6z2 + x4}li4. 
An obvious computation gives 
Therefore 
[I k (j4,3 = {d-‘(1 + a~+~))~/~. 
Iit k llla/ll k/14/3 G d-1’4c, 
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where 
c* = (1 + 6z2 + z4)(1 + z~/~)-~. 
The choice of z is at our disposal; if z # 0, 1 then c < 1. 
In order to refine the estimate of Proposition 3 when the degree 
is large we need to put (*) in a more manageable form, and this can 
be done for normal irreducible subcharacters. 
PROPOSITION 4. Suppose q is an irreducible normal subcharacter 
with support H, and let A be the group of continuous homomorphisms 
of H into the circle group. Then for each u E H\G there is a unique 
&, E a such that c,(y) = TQ( y) for y E H. Given k E E*(q) put l? 
for the function defined on the discrete commutative group I? by 
ao> = K(o) = I G-V for u = Hs E H\G, 
W) = 0 if ~${&,:uEH\G}. 
Then if v has degree d we have 
Ill h Ill4 <d-l II a * R IlY and II h ll4/3 = d-3’4 II R II . 
Proof. Rewrite (*) using R instead of K, and make the obvious 
changes, so that we have 
Lemma 3 asserts that y(Ei , t2 ; E3 , E4) = 0 unless 5,5, = Eat4 . 
In terms of the convolution on fi the quantity in brackets is 
C [R * R(t)]“, whence the result. 
PROPOSITION 5. There is a decreasing sequence (bd) with b, = 1, 
bz < 1, and lim,,, b, = 0 having the property that if r is a discrete 
group and S is a subset of r whose cardinality is at least d then there 
exists a positive function g with support in S such that I( g ((4/3 = 1 while 
IIg *gll, G h2 and II g *g* II?; G bd2. 
Proof. The existence of a best universal sequence (be) with b, = 1 
and b d+l < b, is obvious. We shall prove that there is a sequence 
of integers (01~) with 01~ = 1 and a constant j3 < 1 such that 
b,, < Bb, whenever d’ > cld + d. 
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This is enough to prove the assertion. The integer CQ is the cardinality 
of T2T-l v TT-IT v T-IT2 w h ere T is a set of generators for the 
free group on d generators while /3” = min,,,(l + 69 + 423 + ~4) 
(1 + X~/~)-~. To see that /3 < 1 it is enough to consider z = 2-3. 
Now suppose S is a subset of r having cardinality d’ 3 CY~ + d, 
and choose S, C S such that S, has cardinality d. By the definition 
of 01~ there exists S, C S which is disjoint from SraSil v SlSi’Si u 
S;1S12 and has cardinality d. Let gi , i = 1, 2, be a positive function 
with support in Si such that // gi /14i3 = I and Jj gi *gi /I2 < b2 2 
jj gi * gi* jj2 for b = b, . Put h = g, + zg, where z will be fixed later. 
We have j[ Jz [lei3 = (1 + z4/3)3/4 sinceg, and g, have disjoint supports. 
Consider 
II h * h 1122 = (k* + %2> * kl + %2h kl + %2) * (A5 + R2)> 
= a, + qx + a# + u3z3 + a,,+. 
We have 
00 = llg1 *&II: d b4 and @4 = Ill?2 *g,Ili =s b4. 
A typical contributing term for a, is 
and this is 0 since g, is orthogonal to functions with support in SilSra. 
One obtains a, = 0. One of the terms contributing to a2 is 
63 "82 9 g1 *g2) = c%%* *A39 ‘& *g,*> 
d I/&" *&II2 II g, *g,* 112 G b4, 
since llg,* *&II2 = IIh *gl* II 2 < b2, etc. Analysis of the other 
terms is similar, and one has a2 < 6b4. Note that we have proved 
(Ig, *g, iI2 < ba so that in the analysis of a3 we get 
In general we have a3 < 4b4. The conclusion is 
1) h * h 11; < (1 + 69 + 423 + z”) bp, 
and similar reasoning gives the same inequality for I/ h * h* II2 . The 
best choice of z furnishes the inequality II h t h )I2 < b2b2 1) h 114,s 
with /3 as previously defined. 
Combining the last two propositions we obtain 
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PROPOSITION 3N. There exists a decreasing sequence 
1 = Cl > c = c2 2 CQ > *** with Jiz Cd = 0 + 
such that whenever p is an irreducible normal subcharacter of degree d 
then there is a nontrivial class [K] C E*(F) with 
Ill k 1114 d Cdd-1'4 II k ll4/3 
for all k E [K]. 
Proof. Apply Proposition 5 to the situation of Proposition 4 with 
r = E? and S = (&: u E H\G}. Take I? for the g whose existence 
is asserted in Proposition 5. The class [K] satisfies the given estimates 
with cd = b, ; one can, however, improve the constants. 
To conclude the Theorem it suffices to use Proposition 3 and 3N and 
PROPOSITION 6. Let IJJ be an irreducible subcharacter of degree d, 
and suppose there exists a nontrivial class [K] C E*(y) such that 
/]I k ]]I4 < cd-l14 ]j k Jj4i3 for all k E [K]. Put c(p) for the function with 
c(l) = 1 = c(2) and c(4/3) = c such that 8 -+ log c(l/O) is linear on 
[l/2, 3/4] and on [3/4, I]. Th en f or each p with 1 < p < 2 we have 
III h IlIp, < C(P) d-l’“’ I/ k IID 
for all k E [K”/“P]. 
Proof. Any k E [K”/“P] may be written in the form k = ] 1 J(4/3p)-11 
with a suitable I E [K]. For complex x in the strip l/2 < Re z < 1 put 
1, = 1 z 1(4z’3)--1 t. 
Then 2, E [K4Rez/3]. For Re z = 1 we have 111 Z,jljr = II 2, jlr = Ij I@ . 
When Re z = l/2, Lemma 2 gives /I( Z, 1(j2 < d-1/2 Ij Z, II2 = d-II2 11 Z@ . 
By hypothesis, for Re z = 3/4 we have 111 1,Ill4 < cd-‘/4 11 2 11413 . Now 
the family of operators arising from left-convolution by Z, is analytic 
and meets the requirements of Stein’s generalization [6] of the 
Riesz Convexity Theorem. The conclusion is that 
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